A simple model which combines tight-binding (TB) approximation with parameters derived from first principle calculations is developed for studying the influence of edge passivation and uniaxial strain on electron effective mass of armchair graphene nanoribbons (AGNRs). We show that these effects can be described within the same model Hamiltonian by simply modifying the model parameters i.e., the hopping integrals and onsite energies. Our model reveals a linear dependence of effective mass on band gap for H-passivated AGNRs for small band gaps. For large band gap, the effective mass dependence on band gap is parabolic and analytic fits were derived for AGNRs belonging to different families. Both band gap and effective mass exhibit a nearly periodic zigzag variation under strain, indicating that the effective mass remains proportional to the band gap even when strain is applied. Our calculations could be used for studying carrier mobility in intrinsic AGNRs semiconductors where carrier scattering by phonons is the dominant scattering mechanism.
I. INTRODUCTION
Graphene is a two-dimensional (2D) allotrope of carbon with excellent electronic and mechanical properties, making it suitable for multiple applications in nanoscale electronics and nanophotonics.
1,2 A major deficiency in graphene's properties is the absence of a band gap rendering it impossible for use in switching circuits.
3 Several approaches have been used to induce a band gap in graphene such as electrically gated bilayer graphene, [4] [5] [6] substrate induced band gap, 7, 8 or isoelectronic codoping with boron and nitrogen. 9 Recently, it has become possible to engineer the band gap of graphene by lithographic patterning into small quasi one-dimensional (1D) nano sheets referred to as graphene nanoribbons (GNRs) [10] [11] [12] with excellent electronic properties such as room temperature ballistic transport. 13, 14 The ability to produce GNRs in very large amount is helping to accelerate research in the field of GNR electronics. As quasi 1D materials, GNRs are extremely sensitive to their surrounding conditions, which provides a route for manipulating their electronic properties. Additionally, other factors such as finite size effect, 15, 16 edge effect, [17] [18] [19] [20] [21] [22] and the presence of strain [23] [24] [25] could be used to effectively tune the electronic properties GNRs.
While patterning graphene into GNRs helps to induce a band gap, it has been shown that the effective mass of GNRs is proportional to the band gap 26 . In intrinsic semiconductors where carrier scattering by longitudinal acoustic phonons is the dominant scattering mechanism, the mobility is inversely proportional to the effective mass 27, 28 . This means increasing the band gap of GNRs results in an increase in effective mass and a decrease in mobility 29 . It is therefore extremely important to perform a comprehensive study on the influence of edge passivation and external strain on carrier effective mass and its correlation with the energy band gap.
The combined effects of edge passivation and strain on band gap for GNRs has been extensively studied using first principle calculations 23 . In Ref. 23 , the authors focused only on modulation of band gap due to edge effects and strain. In Ref. 26 , it is shown that the effective mass of AGNRs is proportional to the band gap, but the authors did not take into account the bond length variation induced by H-passivation.
In this work, we present a simple model which combines TB approximation with parameters derived from first principle calculations for studying the influence of edge passivation and uniaxial strain in the -16% to 16% range on the effective mass of AGNRs. We show that these effects can be described within the same model by simply changing the model parameters like the hopping integrals and onsite energies. For unstrained Hpassivated AGNRs, we show that the effective mass displays a linear dependence on energy band gap for small band gap energies. For large band gap, the effective mass dependence on band gap is parabolic and analytic fits were derived for AGNRs belonging to different families. Both band gap and effective mass exhibit a nearly periodic zigzag variation under strain, indicating that the effective mass remains proportional to the band gap even when strain is applied. Our analysis explains in a simple and computationally very efficient way, the physical mechanism that gives rise to the significant modulation of the electronic properties of GNRs and is useful for modelling charge transport in graphene nanoribbons. This paper is organized as follows: In Sec. II, we describe the general formalism. In Sec. III, we discuss the results. In Sec. IV, we study the density of quantum states in the presence of strain. A short summary concludes the paper.
II. GENERAL FORMALISM
Carrier scattering by longitudinal acoustic phonons plays a significant role in charge transport in intrinsic semiconductors. Within the deformation potential theory, the relaxation time (τ dp ) and mobility (µ dp ) for electron-phonon (τ dp ) scattering for quasi-1D systems like AGNRs is given as
, µ dp = eτ dp m *
where the subscript "dp" stands for deformation potential, T is the temperature, C is the longitudinal elastic constant, m * the effective mass, and E 1 the deformation potential constant reflecting the change in band edge induced by strain. While patterning graphene into nanoribbons and the application of external strain could be employed to induce and manipulate the band gap of graphene, the effective mass of GNRs has been shown to vary proportionately with the band gap for perfectly terminating AGNRs 26 , accounting for the diminishing mobility with increasing band gap in graphene nanoribbon field effect transistors 29 . It is therefore extremely important to perform a comprehensive study on the influence of edge passivation and external strain on carrier effective mass and its correlation with the energy band gap in GNRs.
We consider an AGNR of width W = √ 3 2 (N − 1)a c and translation period T = 3a c , where N is the number of dimer lines and a c ∼ 1.423Å the unstrained carbon to carbon (C-C) bond length at the center of the GNR (see Fig. 1(a) ). Since the width of an AGNR is specified by the number of dimer lines along the ribbon, we will use the notation N-AGNR to refer to an AGNR with N dimer lines along the ribbon. The unit cell of an N-AGNR contains N A-type atoms and N B-type atoms, as shown in Fig. 1 . Additionally, N-AGNRs can be classified into three distinct families N = 3p, 3p + 1, 3p + 2, where p is a positive integer and their electronic properties are known to exhibit distinct family splitting. [30] [31] [32] [33] [34] The dangling σ-bonds at the edges are passivated by H atoms (or other atoms/groups like O and OH). Edge passivation by foreign atoms or groups produces geometric deformation altering the C-C bonds and bonding angles at the nanoribbon edge. 22, 35, 36 For example, for AGNRs passivated with H atoms, the bond lengths parallel to dimer lines at edges are shortened by about 3.5%, 17 compared to those in the middle of the ribbon. In general, this kind of geometric deformation results in changes of the hopping parameter 37 between two neighboring carbon atoms and onsite energies on the GNR edge. In Fig. 1 (b) , we show the H-passivated AGNR under uniaxial strain. In the presence of uniaxial strain, the translational period becomes
, where a ′ c is the bond length for AGNR under strain. Hence, the strain (σ) can be defined as σ = (a ′ c − a c )/a c . A positive value for σ corresponds to tensile strain while a negative value represents compressive strain. Since edge passivation and the presence of strain both alter the C-C bond length, these two effects can be described within the same model by simply incorporating the changes in onsite energies and hopping integrals induced by these effects. We shall discuss these effects using the TB model in what follows.
The electronic states of GNRs are expressed in terms of the axial momentum (k) and the lateral momentum (k n ), where n in an integer describing the quantization of the component of electron's momentum along the width of the ribbon. AGNRs are semiconductors with a direct band gap at the Γ point. At k = 0, the TB Hamiltonian for an AGNR reduces to a two-leg ladder lattice system 17 , as shown in Fig. 1 
(c). The Hamiltonian of this simpler model reduces to
where (i, µ) denote a site, ε µ,i site energies, t ⊥ i,i+1 and t i the nearest neighbor hopping integrals within each leg and between the legs respectively, and a µ,i the annihilation operator of π-electrons on the i-th site of the µ-th leg. We remark here that in this model, the electronic properties of GNRs are sensitive only to the three parameters: the site energies ε µ,i , and the nearest neighbor hopping integrals t ⊥ i,i+1 and t i . These parameters will differ for perfectly terminating, edge passivated and strained GNRs. This means that the combined effects of edge passivation and strain can be described by the same model Hamiltonian by modifying the TB parameters in order to account for the considerable changes in C-C bond lengths. Thus, the model is very simple and computational very efficient. In general for k = 0, H can be expressed in matrix form for the translationally invariant system. If we order the basis as A 1 , B 2 , A 3 , . . . , A N −1 , B N , and B 1 , A 2 , B 3 , . . . , B N −1 , A N , then the nearest neighbor Hamiltonian can be split into four N × N blocks
where
Here, d k = e −ikT , with T being the lattice constant. The electronic band structure of the AGNR can then be obtained by solving the eigenvalue equation
where λ = c (v) corresponds to the conduction (valence) band, and n the band index. The coefficients C λn (k) are TB wave function amplitudes. Edge passivation and the effect of strain can both be described within our model by modifying the onsite energies and hopping integrals. Strains applied to the GNR and the absorption of atoms or molecules at the edges causes an increase or decrease in C-C bond lengths, which in turn alters the onsite energies and the hopping integrals. Previous studies carried out for edge passivated GNRs have shown that to first-order, the change in onsite energy due to edge passivation does not alter the band gap. 17, 22 We will therefore assume that changes in onsite energies due to H-passivation and uniaxial strain are negligible. Hence we shall set all the onsite energies at ε µ,i = 0 for µ = 1, 2 and n = 1, 2, . . . , N . In our treatment, we then focus only on changes in the hopping integrals due to external perturbations.
A decrease in C-C bond length will increase overlap of π orbitals which leads to an increase in the hopping integral. Likewise, an increase in bond length will result to a decrease in π orbital overlap, which accordingly decreases the hopping integral. The analytic expressions for TB matrix elements between carbon atoms as a function of the C-C bond length can be expressed in terms of the Chebyshev polynomials T m (x) yielding Parameters were calculated using an unstrained C-C distance of ac = 1.423Å and t = 2.7 eV. 
III. RESULTS AND DISCUSSION
We begin by calculating the band gap and electron effective mass for unstrained H-passivated AGNR. For perfectly terminating AGNR, we will set the nearest neighbor C-C TB hopping integral to t = 2.7 eV, a value that has been used to successfully describe the electronic properties of graphene 38 . For H-passivated AGNRs, the bond lengths parallel to dimer lines at edges are compressed by about 3.5% as compared to those in the middle of the ribbon. Using Eq. (6), we can show that a 3.5% compressive strain on the bond length at the edges induces a 12% increase in the hopping integral. The effect of H-passivation can then be accounted for by setting t i = 3.024 eV, for i = 1 and i = N , t i = 2.7 eV for i = 2, . . . , N − 1, and t ⊥ i,i+1 = 2.7 eV for µ = 1, 2, i = 1, . . . N − 1. Substituting these parameters into Eq. (3) and diagonalizing the resulting Hamiltonian matrix, we obtain the energy band structure of the AGNR. The electron effective mass m e for the lowest conduction band is obtained from the fit E c,1 (k) = E c + 2 k 2 2m * , where E c is the conduction band edge. The hole effective mass is equal to electron effective mass for both unstrained and strained H-passivated AGNRs. In our approach, we neglect the change in band structure of the AGNR due to quasiparticle effects 39, 40 . In Fig. 2 , we show a plot of m * (in units of the free electron mass m 0 ) versus the energy band gap (E g ) for unstrained AGNR with N = 6 − 35. m * shows a distinct family splitting dependence on E g , increasing with increasing E g . m * varies between 0.006 to 0.22 m 0 and obeys the same hierarchical pattern as E g , 17 with m * (3p+ 1) > m * (3p) > m * (3p+ 2) for all p. The effect of hydrogen passivation is also prominent, increasing with increasing band gap or decreasing ribbon width. Generally for a given band gap, the effective mass of the H-passivated AGNR is smaller than that of the unpassivated AGNR. In the TBA, the 3p + 2 AGNRs are gapless if the effect of H-passivation is not taken into account, that is why the figure only shows the effective mass of H-passivated 3p + 2 AGNRs. The variation of m * with E g can be fitted with the parabolic function
with A and B being the fitting parameters (see Tab. II) . When E g is very small, m * ≃ AE g . Using the analytic expression for the band energy
we find that
or
from which we can estimate the Fermi velocity v F ≈ 0.89 × 10 6 m/s . As shown in Fig. 2 , the 3p+2 AGNRs have very narrow band gaps and small effective masses. However, in the presence of uniaxial strain, both the band gap and the electron effective mass gets significantly modulated, thus making it possible to engineer their electronic properties by applying strain.
We now consider the case of H-passivated AGNR under uniaxial strain. First we calculate the TB hopping integrals for non-passivated AGNR subjected to uniaxial strain, then we modify these parameters in order to take into account the effect of edge passivation. The unstrained bond vectors for an AGNR are given by (see Fig.  1 (a) ):
whereŷ is the axial direction of the AGNR. The application of a uniaxial strain causes the following changes (see Fig. 1 (b) ):
r ′ 3 = −a c (1 + σ)ŷ where σ represents the uniaxial strain in theŷ direction, and ν ≈ 0.165 is the Poisson's ratio 41, 42 . Based on our model, which maps the AGNR to a two-leg ladder system, the C-C length in the axial direction (a c ) and the corresponding length in the direction perpendicular to the axis (a ⊥ c ) are given by
We can use the strained bond lengths (a c ) and (a ⊥ c ) together with Eq. (6) to estimate the hopping integrals in the axial (t ) and perpendicular (t ⊥ ) directions. These values are tabulated in Tab. I for a non-passivated AGNRs under uniaxial strain in the range -16% to +16%. As an example, for an AGNR under -16% strain, we have t i = 4.506 eV and t ⊥ i,i+1 = 3.256 eV. For H-passivated AGNRs under uniaxial strain, the bond lengths parallel to dimer lines at edges are compressed by an additional 3.5% compared to those in the middle of the ribbon (leading to an additional 12% increase in hopping integral for the edge carbon atoms, as already discussed). This additional effect can be taken into account by setting t i = 5.047 eV, for i = 1 and i = N , t i = 4.506 eV for i = 2, . . . , N − 1, and t ⊥ i,i+1 = 3.256 eV for µ = 1, 2, i = 1, . . . N − 1. If we substituting these parameters into Eq. (3) and diagonalize the resulting Hamiltonian, we obtain the energy band structure and effective mass for σ = −16%. Applying the same process for strains in the -16% to +16% range allows us to successfully compute the band gap and effective mass for AGNRs under the combined effects of edge and strain. We now apply our formalism to three AGNRs, namely N = 12, 13, and 14, representing the 3p, 3p + 1, and 3p + 2 families, respectively. In Fig. 3 , we show the energy band gap and electron effective mass for H-passivated AGNRs under uniaxial strain in the range -16% to 16%. Fig. 3 (a) shows a zigzag pattern in the behavior of the band gap with strain for N = 12, 13, and 14 AGNRs. This pattern is due to changes in the C-C TB hopping integrals with C-C bond length when the AGNR is subjected to strain. 22 The maximum value of the band gap for N = 12, 13, and 14 occur at +5%, -2 %, and -7%, respectively, while the minimum value occur at -5%, -10%, and +1%, respectively. These values agree extremely well with values obtained using first principle calculations and other results in the literature 23, 41, 43 . Notice also that the 3p+2 AGNRs have very narrow band gaps, but when strain is applied, the band gap can be tuned up to about 1 eV. For instance, an N = 14 H-passivated AGNR has a band gap of only 0.123 eV in the absence of strain (see Fig.  2 (a) ), but under a uniaxial strain of -7%, the band gap becomes 0.979 eV (see Fig. 3 (a) ), which corresponds to about 700% increase in the band gap. Fig. 3 (b) shows the electron effective mass plotted as a function of strain for the same AGNRs, which also exhibits a zigzag pattern but with peaks that increase as the applied strain changes from compressive to tensile. Uniaxial tensile strain thus have the tendency to increase the effective mass of an electron. The maximum value of the effective mass for N = 12, 13, and 14 occur at +6%, -1 %, and +12%, respectively, while the minimum value occur at -5%, -10%, and +1%, respectively. The minima of both E g and m * occur at the same values of strain while the maxima of E g and m * occur at different values of strain for the AGNRs considered. Similarly to the band gap, the electron effective becomes significantly modulated under the influence strain. For example, a Hpassivated 12-AGNR has m * = 0.060 m 0 in the absence of strain, but under a +6% strain, the effective mass becomes 0.210 m 0 , which corresponds to a 250% increase.
IV. DENSITY OF STATES
It is very instructive to visualize the influence of uniaxial strain on electronic band structure by plotting the density of states (DOS). The finite temperature DOS per electron is given by 44, 45 : (14) where N e is the total number of π electrons in the GNR, Ω = 2π/N c T is the length of the 1D reciprocal space for each allowed state, N c is the number of unit cells in the AGNR of finite length, L = N c T , T being the unit cell length. For computational purposes, we replace the Dirac delta function with a Lorentzian with the line width Γ = 0.01 eV. We present the DOS for an energy range of ±2 eV around the Fermi energy E F = 0. The DOS for N = 12, 13, and 14 H-passivated AGNR for three values of strain: -16%, 0%, and +16% is shown in Fig. 4 . For N = 12, the band gaps for σ = −16% and 0% are approximately equal, while the band gap shrinks for σ = +16%. The peak of the first van Hove singularities (VHSs) is approximately the same for all three values of strain. However, the peaks tend to build up for tensile strain, compared to compressive strain. For N = 13, the band gap decreases as the strain changes from compressive to tensile. For N = 14, the band gap shrinks as σ changes from -16% to 0%, then expands to approximately its original value when σ = +16%. Generally, the positions of the VHSs change with applied strain and the peak heights get enhanced for positive strain, for the range of energy considered.
V. CONCLUSION
In summary, we have shown that edge passivation and the presence of strain can both be described by the same model Hamiltonian within the TB model simply by renormalizing the C-C hopping integral. We calculated the electron mass versus band gap energy for strained H-passivated AGNRs belonging to three families: N = 3p, 3p + 1, 3p + 2. For unstrained H-passivated AGNRs, the effective mass exhibits a linear dependence on band gap energy for small energy gaps or large ribbon width. However for ribbons with small width or larger band gaps, the effective mass dependence on energy gap is parabolic. Analytic fits were also obtained for AGNRs belonging to different families. The effect of H-passivation on the effect mass is very prominent for ribbons with small widths. In the presence of strain, both band gap and effective mass displays a nearly zigzag periodic pattern, indicating that the effective mass remains proportionate to the band gap even in the presence of applied strain. Our analysis provides further insights into the uniqueness of graphene's electronic properties and is useful for studying carrier mobility in intrinsic AGNRs semiconductors where carrier scattering by phonons is the dominant scattering mechanism.
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